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Reaction-rate formula in out-of-equilibrium quantum-field theory
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A complete derivation, from first principles, of the reaction-rate formula for a generic reaction taking place
in an out-of-equilibrium quantum-field system is given. It is shown that the formula involves no finite-volume
correction. Each term of the reaction-rate formula represents a set of physical processes that contributes to the
reaction under consideration.

PACS numbds): 11.10.Wx, 12.38.Bx, 12.38.Mh

[. INTRODUCTION interaction. The system is inside a cube with voluwve
=L3. Employing periodic boundary conditions, we label the

Ultrarelativistic heavy-ion-collision experiments at the single-particle basis by its momentusp=2=k/L, k;=0,
BNL Relativistic Heavy lon Collider(RHIC) and at the +1,+2,...,*x (j=1,2,3).

CERN Large Hadron Collide(LHC) will soon start in an- Physically interesting reactions are of the following ge-
ticipation of producing a quark-gluon plasi@GP. Confir-  neric type:

mation of QGP formation is realized through analyzing rates o ]

of various reactions taking place in a QGP. So far, the {A}+nonequilibrium syster{B} +anything. (2.1)
reaction-rate formula is derived for reactions taking place in . ) )

the system in thermal and chemical equilibrifin-4]. The ~ Here {A} and {B} designate groups of particles, which are
actual QGP is, however, not in equilibrium but is an expanddifferent from ¢. Examples are highly virtual particles,
ing nonequilibrium system. heavy particles, and particles interacting weakly wiils.

In this paper, as a generalization [df-4], we present a The generalization to a more general process, where among
first-principles derivation of the reaction-probability formula {A} and/or{B} are ¢'s, is straightforwardcf. [4]). For defi-
for reactions occurring in a nonequilibrium system. We findniteness, let us assume thi@} consists ofl ®’s and {B}
that the formula involves no finite-volume corrections. Weconsists ofl’®’s. Here® is a heavy neutral scalar of mass
also find from the procedure of derivation that different con-M, so that® is absent in the system. For simplicity of pre-
tributions to the reaction-probability formula have a clearsentation, we assume &-¢ coupling to be of the form
physical interpretation, which is summarized as “out-of- —g®¢"/n! (n=2).
equilibrium cutting rules.” The transition or reaction probabilitfp of the process

In Sec. II, we derive from first principles the formula for (2.1) is written as
the transition probability of a generic reaction taking place in
a nonequilibrium system. In Sec. Ill, specializing to quasi- P=MD, (2.29
uniform systemsmgear equilibrium or nonequilibrium quasi-
stationary systemswe further deduce the formula, finding .
that the formula is written in terms of the closed-time-path NE% {nz} {;} 2, (AL M STH{ng};{B})
formalism of real-time thermal field theof]. In Sec. IV, ML

we present a calculational procedure of a generic reaction- SUBY-nUSIH N LAY (I n m)S 2 2h
probability formula obtained in Sec. Il {BEInISHnd:{Ah(ndlelimd)s, (2,20

D=2 > > 2 {mdIS'{nc)({ngISi{n)

II. NONEQUILIBRIUM REACTION-PROBABILITY ki {nid {mie} {ny}

FORMULA
o X{{niH p{mit)S. (2.29
A. Preliminaries
The formalism presented in this paper can be applied to lere S is the symmetry factof6], p is the density matrix,
broad class of theories including QQBY. the end of Sec. and ({B};{ni}[S|{ni};{A}) is an Smatrix element of the
1), but, for simplicity of presentation, we take a system ofvacuum-theory process
self-interacting, neutral scala’s with massm and \ ¢*

{At+{nit—={B}+{ny},
*Electronic address: niegawa@sci.osaka-cu.ac.jp where{n,} denotes the group ap’s, which consists of the
"Electronic address: okano@sci.osaka-cu.ac.jp numberny of ¢, (¢ in a modek). In Egs.(2.2), 2y, de-
*Electronic address: hozaki@sci.osaka-cu.ac.jp notes summation over momentum/momentapo’s in the
The framework for dealing with such systems is comprehenfinal state|{n};{B}), and of ¢/¢’s in the “two” initial
sively discussed ifi5]. states|{m,};{A}}) and |[{n:};{A}). (Among the final states
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perturbative framework, an adiabatic switching off of the
interaction is required7,3]. Then,p in Egs.(2.2) is a func-
tional of the in-field¢;, (t;,x) that constitutes the basis of
perturbation theory.

) . ) ] As will be seen below, diagrammatic analysis shows that
It is to be noted tha{A} and {B} in (S), which we write  \r Eq. (2.21), takes the form

{A,B}s, are not necessarily involved in one connected part
of (S). This is also the case fgA,B}sr. We assume that, in
W=(S\(S), {A,Bls, and{A,B}gt are involved in one con-
nected parWW (e W). Then,W consists, in general, 0N,  where\,, corresponds to a connected diagram @ni as
and other parts which are disconnected With and include  in Eq. (2.29. Then, we have

only ¢'s. The generalization to other cases is straightforward
[4]. The form ofp in Egs.(2.2) should be remarked on. Let
us recall the following two facts. On the one hand, the sta-
tistical ensemble is defined by the density matrix at the very The Smatrix element in vacuum theory is obtained

[{n/};{B}), is|0;{B}). This is also the case for “two” initial
states). Note that the perturbation series fbrstarts from 1,

D=1+

N=NcorD, 2.3

P=Ncon-

initial time t;(~—). On the other hand, in constructing a through an application of the reduction formi®4:

| I’

{Bh{nkSKnit{A}) =

ik

i [ K
X H IKkn’)H |Kkn)H d’n’H ¢n} 1:[1 q)jngl q)m

whereT is the time-ordering symbol and

' 12
Nk N (nk) 1 2.5
wi | Lig Vidipig | '
In Eq. (2.4), 6(---;---) denotes the Kronecker§ symbol
and
- b= [ @1, 0000+ 00) - 000
n n P !
Vz, ‘
_ 1 4 2
Ko N d*x F;0)(0+M?)- - @(x),
* 1 4 *
D= = = d* GE(X)(O+M?) ... d(x).
®
(2.9
Here

I I
<{B}:{na}|s|{nk}:{A}>=( 1 | d“xﬁ(xj))(ng | d4ymemym>){i2k}

X(Jﬁ fd ity (ki) )

H IK,¢>H (K ¢><0|HT

AQyrAZH{EH XD,

nknﬁ

{2 2 o(ng— Ng=iN.

ik=0 Ik—O kk

ik

|0), (2.9

n'=1

e_iPk'X

1
f, (X)= . (Ex=+pz+md),

with P{=(Ey,px) andF;(x)[ G (x)] the wave function of
thejth @ (e{A}) [mth ® (e{B})]. Z'sin Eq.(2.6) are
the wave-function renormalization constants. It is to be noted
that, in Eq.(2.4), amongn, (n) of ¢,’s in the initial (final)
state, iy, (iy) of ¢’s are absorbed inemitted from the
iy (iy) vertices in{S). The remainingy,—i, (=n,—i) of
¢\’s are merely spectators, which reflects only on the statis-
tical factor in 7, in Eq. (3.19 below.
(S) in D in Eq. (2.29 is given by a similar expression to
Eq. (2.4), where factors related to the fields are deleted.
From the form for(S), Eq. (2.4), we see that the permu-
tation of ¢, (n=1,...],) and the permutation of
¢ (n'=1,...],) give the same Feynman diagrafim
vacuum theory, and theni!i;! same diagrams emerge.
Taking this fact into account, we may write E@.4) in the
form

! Ik
11 Ni”kkizkik!i;!(jl]l fd“gkjfpk(fk,-))

(2.7
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wherei;=n,—n,+i, and.A is the truncated Green function

in configuration spacén vacuum theory, and, e.g.{y} col-
lectively denotesy/1,y,, ... .Y .

Among the Feynman diagrams fgt are some diagrams

in which some¢’s (e{&}) [{'s (e{{})] coincide withx’s
(e{x}) and/ory’s (e{y}) and/or’s (e{{})[é's (e{&h)].

In such cases4 is understood to include the corresponding

8 functions, e.g.5*(&;—x;).

The expression fofS'), the complex conjugate dS), is
obtained by taking the complex conjugate of Ej4) or Eq.
(2.7, where we make the substitutigof. Egs. (2.2b and
(2.20],

Ne—= Mg, M—=M(=ng),  ik—=jk, =ik
This applies also to the expression {@') in Eq. (2.29.
Substitution ofW=(S")(S) into Eq. (2.2b) yields, with

obvious notation,
I
J\f=(H fd"'xjd"'xj’Fj(xj)F}*(xj’))
j=1

II
X(mﬂl f d“ymd“yr’nGE(ym)Gm(yr’n))

X

2> > >

{kt ikt i {ig {ip

11 (H fd“gkjfpk(fkj))

k \j=1

i ik
X Jﬂl fd4§kjf;k(§kj) (jlj[lfd‘lﬁjf;k(&ij))

i
< 11 f d*¢ifp, (L)

XEWEX' T AE AL TAY YR {XDS. (2.8

Hereiy=n—n+iy, jg=ng—mg+j, W=A*A, and

ML L,
s=2 (1;[ er:ﬁ:mi;pk!lk!n!n!)<{nk}|p|{mk}>.
k
2.9

B. Statistical factor S

PHYSICAL REVIEW D61 056004

Nk

X

|H1 ap|) {nih{{nidp[{mi)

(e >(H)><o>

where we write

{pla"',pi}:{"' yPky * ,pk,”'}a

K

and theni=ZXi,. Similarly, i'=Zi,, j=Z\jx, andj’
=3yjk - Note that{{n,}| and|{m}), in between whictp is
sandwiched, are as in Eq.2) and (2.9).

Let us writeS, for short, asS=(b;b, .. .by) (N=i+]
+i’+j"). Letlq, ... |, be asolution in positive integers of

> ;=N (1=m=N). (2.12)
i=1

Pick outl b’s out of by,b,, ... by and pick outl, b’s out
of remainingb’s, and so on, to maken groups,

S RN LN
(2.12

where 1<) 41 <ij +1,+1< - <iy-y_+1=N.In Eq.(2.12,

let b, andb;: be in between one set of curly brackets. Then,
if I<l’, b, is located at the left ob;, and vice versa. We
are now in a position to write

N
S(by---by)= 2 2 > Su(by---b; )

m=1 |1g or Iy

XSy by ) Sy, i)

(2.13

Here, the second summatid) ¢ runs over all solutions in
integers of Eq(2.11) and the third summatioB, runs over
all ways of makingm groups as in Eq(2.12. From Eq.
(2.13, S, is determined iteratively. For example,

. i .
I+1 [+, N-l,+1

Here, it is convenient to introduce creation and annihila-

tion operatorsa:,k anda,, , which satisfy[apk,agk,]z Ok k'
and[apk,apk,]=0. A Fock spacefF is constructed on0),
which is defined bya,, |0)=0. For the vectof) (e F) that

Sc(byby)=8(b;b,y) —S(by)S(by),

Sc(bibybz)=8(bibybg) — Sc(bib,) S(bs)
—Sc(b1b3)S(by) = S(by) Sc(bsbs)

satisfiesa;kapkb:npk|)(npk=0,1,2 ...), we use thesame

notation as in Eq(2.9), |{n,}), since no confusion arises. A
key observation here is that, using the fofeh5), one can
easily show thatS, Eqg. (2.9), may be represented as

—8(b1)S(by)S(bs).
Thus, we have, with obvious notation,
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i+j+i’+j’

E > > Sl

I's 9r

S

Sl ) - Sel++0).

(2.19

In the case of the equilibrium system, all bi#,a T) and
(a! @p) Vanish. From the definition af;, it is not dlffICU|t to
show that, forN=3,

1’

I
Nz([[lfd“xjd“xj'Fj(xj)Fr(x;))(

x(

Pj

Il

I=1

1
J d*¢/ >
'qj, /2qu,

e Q] )SW({X pA¢

J_l]l f d*y;d%] G* (y))G;(y|)

5)(Hfd@
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SC(lebjzbll):SC(bllblzbll)’ (215

where “ " indicates to take the normal ordering with
respect to the creation and annihilation operators.

C. Reaction-probability formula

Now, N in Eq. (2.8) may be written as

\/1_Vein-§j) (I]jl

aj

!

fos

J

>

!

P

2E,

! elPi g
\%

Y YA HE DS (2.16

Carrying out the integration ovef's, {'s, ¢'’s, {'’s and the internal spacetime vertex points, which are included’jiwe

obtain, with obvious notation,

|
J\/:(j[[ljd4xjd4xj’Fj(xj)Ff‘(xj’))( Jd“y,d“y]G*(y,)G vy

i3 s

V2E, V

Let us Fourier transform the wave functioRg(x), G;j(x):

j’
HE ) SWHEx' HAp' B{a' by Ay iabi{eh{x})S.
S \/—v

y

=1

)

g

HE

=

{

er

(2.17

Fj(x)=f drje”Ri- = XIF (1)),

G](X)zf drjefiRi'(X’xc)éj(rj),

whereR!= (E; ,r;) with E;=

(2.18

\/r]-2+ MZ2.In Eq.(2.18), X of X¥= (X, X,) is the space point, around whidk's are localized,

and X is the time, around which the reaction takes place. In genﬁyaind (~3j also depend oiX.
Substituting Eq(2.18 into Eq.(2.17 and carrying out the integration over, xj’ Yo andyj’ , We obtain

N-( fdr drj F. i(r )F*(r ))( fds,d§ G*(s,)G (s)

; 1
(o )|\ 13 G

x(ll'[llpEJ \/ZEW I]J'[l 2 %{H\/)zwcS(Ell E,S,o+2 Po— E qo)

oo S S S S v £ 08 55 03 o)

XV§ IE i r; i p’—i Q’>SW({r’},{p’};{q’},{S’}:{S},{q};{p},{r})

x exp| i (i (Rj—R;)—é (S=S/) |- Xc|S. (2.19
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Note that, wherS) (W) or (S') consists of several dis- Let us pick out(a,) from S in Eq. (2.14, which appears
connected parts, the correspondingimomentum- in \, Eq.(2.16), in the form
conservatiop é function above becomes product of sevetal
functions. 1 B
The form forD, Eq. (2.29, is given by Eq.(2.16 or Eq. Ep: \/ﬁ<ap>e
(2.19, in which factors related to thé fields are deleted. P
In general A/ consists of several graphically disconnected
parts. As assumed in Sec. Il A, ali’s are included in one Wherew stands foré; or {j . The above observation shows
connected parV,,,,. Other parts, which we write &8, in-  that the quantity3.1) does not appreciably depend art,
clude only the constituent particles of the system. Then, it When |o*—X£|<L*. This means tha{a,)=0 for [p'|
is obvious that\/takes the formV’=A,D [cf. Eq.(2.3)]. It ~ =1/L' andp®=E,=1/L°. Then, the argument at the end of
is also obvious thaD is a contribution toD in Egs.(2.2.  the above paragraph shows that the contributiorVithat
Then, such a contribution does contribute to the reactioincludes(a) can be ignored. The same reasoning shows that
probability P, Eq. (2.2a, as N, Which has already been the contribution including(a’) and/or Si(aa- --a) and/or
dealt with in a lower-order level. Thus, computation/ds,  Sc(a'a’- --a') may also be ignored.
which consist of one connected part, is sufficient. Recalling the identity2.15), we pick out from Eq(2.14
one S(ap, - - -agjapj+l~ --a,) (n=3). In Vin Eq. (2.16),
this factor appears in the form

iP~w, (31)

lll. OUT-OF-EQUILIBRIUM REACTION-PROBABILITY
FORMULA

n

1

A. Preliminaries % (l[ll \/?pl\/ S,

In this section, we restrict our concern to quasiuniform

systems near equilibrium and nonequilibrium quasistationary j n
systems, which we simply refer to as out-of-equilibrium sys- Xexp i E P-z— E Pz, (3.2
tems. Such systems are characterigeldby a weak depen- - I'=j+1

dence of the reaction probabilities &q [cf. above after Eq.

(2.18]. More precisely, there exists a spacetime sdale  wherep,;=E, (I=1, ... n). It is not difficult to show that
such that the reaction probabilities do not appreciably dezmong the contributions t, there are contributions whose
pend onX., when X; is in the spacetime regiofXs  counterparts of Eq(3.2), together with Eq.(3.2), can be
— X4 (=]AXE])sL* with X% an arbitrary spacetime united into the form

point. For such systems, the reactions are regarded as taking

place in the regionX*—X4|=L*. Going to momentum —_in-1¢ (. .

space, this means that thecgontribut(dxm the reaction prob- CUZD=ITSel $(20)- - (20)2). @3
ability V) from the state that includes a “very soft” momen-

tum|P#|=<1/L* should be small. More precisely, the contri- Here

bution from the summation region in E€.16), in which at

least one momenturgout of {p; ,q; ,p; ,q;}) is “very soft,” s 1 - .
is negligibly smalf? 2)= ae P Z+ale 7],
gligioly ¢( ) 5 m[ P p ]

2This is the case for most practical cases, which can be seen ¥éh€repo=Ey and *:---:"in Eq. (3.3 indicates to take the
follows. Let 7 be a typical scale) of the system under consider- nNormal ordering. As discussed at the beginning of this sub-
ation. In the case of thermal-equilibrium systeffis the tempera-  Section, for the system under consideration, the function
ture of the system. As a result of interactions, an effective mass i§3.2 does not change appreciably in the regiphZ*|
induced and the vacuum-theory masgurns out to the effective =<L* (Z=ZX[_,z/n). This leads to an approximate momen-
massM;(X.). In the case ofn> N7, Mg (X.) is not much  tum conservation for the functiof8.2):
different fromm and, form= \/XT, a tadpole diagram induces mass
of O(\Y\7), so thatM4¢(X.) = O(YA 7). [T (or even\T) is the
scale that characterizes reactions. We assume that this scale is much
larger than the “very soft” momentum scale,l#/< A7 (or \7).]
Most amplitudes, when computed in perturbation thedoybe de-

duced below, are insensitive to the regigi*|<O(\\ 7). Then, o ] N
the contribution from the regiofP#/<1/L* is small, since the TNiS is also the case fa¥({z}) in Eq. (3.3). The conditions

phase-space volume is small. Incidentally, in the case of equiliplinder which the initial correlations may be ignored are dis-

rium thermal QED or QCDfi=0), there are some quantities that cussed in10]. In the following, we ignore the initial corre-
diverge at infrared limits to leading order in hard-thermal-loop re-lations, the inclusion of which into the formula obtained be-

summation schemé8,9]. For such cases, a more elaborate analysidow is straightforward.
is required. After all this, in S in Eq. (2.16, we keep onlya'a)’s:

=<1/L* (3.9

j n
2, Pi- 2 PR
=1 '=j+1

056004-5
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S=Z E (aT, ay’, ) -(aT,
mn gr p'f ks P

+
+{(a! a,’ o (65 ’
< i/ qkr’n>) ( qki—n+1'qki

t At T o
><<abqji—napli> <aqjlap|n+1><ap”apln>
n

wherej—n=j'—m andi’—m=i—n, which leads tda +j’
=j+i’.

Referring to Eq(2.16), we use the following set of sym-
bols throughout in the sequel:

Vo=VEUVS, V={U{y}, V§={x}U{y'},
Ve=VSUVE, vE={gulg, VE={£Iu{),

and V,=VSUVS with VS [VS] the set of internal-vertex
points in{S) [(S")] (eW). When the vertex poing; (¢])

PHYSICAL REVIEW D 61 056004

Po

iZ(p,o)zi D4pe P (=) 2w6(po)

+E_
, [Ei+E_\3)

X0 Do—(T) N(X;p), (3.9

where

dpg 1
ip= | = _
iDP_ ZprV'

As usual, we rewritgp=|p| in terms ofp, by using 5+(p§
—---) in Eq. (3.8). In doing so we obtain

—1/2

Po (p-Vy)?| 7o -
N(X;p)—| 1+ N(X;po.p),
VELE_ Po

whereﬁzp/ p. Carrying out the derivative expansitexpan-
sion with respect t@‘ixﬂ) and keeping up to the second-order

X-derivative terms, we obtain

or {; (¢{/) coincides with one of the vertex points in iZ(plg):i‘l D*Pe P (=215, (PZ—mAN(X;po.p),

VS (V3), we include it inVS (VS). At the final stage,

Vo (VoUV) turns out to be the set of external-vertex

(internal-vertex points of the out-of-equilibrium amplitude where 5, (P?—m?)= 6(p,) 5(P>—m?) and

(3.19 representingP.

B. Two-point function
From Eq.(2.16 with Eq. (3.5, we pick out

- 1 |
iX(p.o)=S — i(Pp=P" o)
(p:) E V2EN\2E,V

where po=E,, po=E,, and pe{p}u{q’},_p’
e{p'tuial, pe{&tU{{'}, andoe{&'}U{Z}. Changingp
andp’ to

+ _
(ayap)e

py=(p+p')/2, p_=p-p’,

we get

1

'A(p"”:% J2E.V\2E_V

e P mIN(X,py),
(3.6)

N(X;p+)=p2 efi(E*7E*)X°eip"x<a;+—p, 123, +p_i2)

3.7

where X=(p+0)/2, E.=E, =iy, 2, and pl=(E,

(3.9
N 1 4 (v-Vy)?
N(X;po,p)=|1— = — (V&= (v-Vx)?)—
(X;po,p) 4ﬁm2( x—(V-Vx)9) 82
+- - [N(X; po,p). (3.10

Here d/om? acts ond..(P2—m?) in Eq. (3.9) andv=p/p,.

In the case of a system in which translation invariance
holds, <§lgaq>cx Spqr EQ. (3.7 tells us that N(po,p)
=N(pg,p) is the number density of a particle with momen-
tum p. This allows us to interpre¥l(X;p,,p) as the “bare”
number density of a quasiparticle wifh at the spacetime
point X*. (For more details, sefelQ].)

C. Construction of out-of-equilibrium propagators

So far, for simplicity of presentation, we have dealt with
real-scalar-field systems. The physical meaning of the propa-
gators to be deduced below can be determined in a more
transparent manner by employing a complex-scalar-field sys-
tem, which we deal with in the sequel of this section. Let
a, (ag) be an annihilatior{creation operator for a particle
of momentump. The antiparticle counterpart af, (ag) is
b, (bg). For simplicity, we assume that the density-matrix
operatorp commutes with charge operatq@, [p,Q]=0.
Then, all but(a;aq>, (bgbq), (a;ba . {apbg) vanish.

+E_)/2. It is worth mentioning in passing that one can The same reasoning as at the beginning of this section shows

easily derive, from Eq(3.7), P- 9yN=0.
Now, Eq.(3.6) may be written as

that (a'b;) and(ayb,) are negligibly small. Thus, we are
left with (aag)’s and(b/bg)’s.
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(A) Let us take a Feynman diagram for A [cf. Eq.
(2.16], and pick out fromF a vacuum-theory propagator
iA0)(z,-2,)=(0|Tp(z1) $"(2,)0) e (S)(eN). Then, we
pick up the following two diagrams fal. The first one is
the same asF, except thai A(®)(z,—z,) is replaced by

1 e Pz elQ-z2¢ gt
S e T e

which is involved in Eq(2.16. The second one is the same

as F, except thai A(®)(z, —z,) is replaced by

= 1 =
e 02y ——ePub b,
% 2E,V % V2E,V { d
with 5E(Ep ,—P), etc. Adding the above two contributions

to the original contribution, and Fourier transforming pn
—Z,, we obtain, for the relevant part,
n ( i
i
H m2+i0*

z,+2,
2 ’

=5

Z1+z
+2775(P2—m2)N( 12 2

;pO!E))'
(3.11

Here,N with p,>0 is as in Eq(3.10 with Eq. (3.7), while,

for pp<0, N takes the same forrt8.10 whereN is de-
fined, with obvious notation, as

iPo ,6) = E el (E4+ —E_)(210220)/2
p_

—ip_-(z1+2)/2/ 1yt
xg P (a1tz) <b—p+p7/2b—p—p,/2>l

with, as beforeE. =E; ziv, /2

As discussed at the end of the last subsecm(n(;po,f))
with pp>0 is the “bare” number density of a quasiparticle
with momentump at the pointX#. Similarly, N(X;po,f))
with pp<0 is the “bare” number density of an antiquasipar-
ticle with momentum—p at X*.

(B) Starting from(S") (eA) that includes a vacuum-
theory propagatofiA(®(z,—z,)]* and proceeding agA)
above, we obtain

TA2o(X;P)=[1A14(X;P)]*

—+275(PP—m?)

21+ 2, A)

Po.P |- (3.12

(C) Let us take a set of Feynman diagrafisand 7, . F;
contains[cf. Eq. (3.9)]
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—iP;-z iQ-z T
e i 1q2 e'%n2( 8y p +(ag,ap)),

1
¢ V2BV s

with z,e{¢'} (e(S") and z,e{¢} (€(S)). F, is the
same asF; except that Eq(3.13 is replaced by

b \2E,V

e@}quimb,qg,

1 = 1
e*'Qk'Zz -
qu V2Eq V % V2E,V

with z,e{¢&'} (e(S") and z,e{&} (e(S)). Adding the
contributions from#; and fromF,, we extract the relevant
part, of which the Fourier transformation ap—2z, is

i

(3.19

(D) Let us take a set of Feynman diagraffisand 7, . F;
contains

Ay (X;P)=278(P?2—m?)

0(p0)+N

1

\2Ep V

E e P} zlz

el Q22 a(;kapj )
(3.15

with z,e{&} (e(S)) and z,e{¢'} (e(S"). F, is the
same asF; except that Eq(3.15 is replaced by

2E%V

5 1
& \/ZEqu

iPi-z
Xe'r 1(6ij

7|Qk 222
\/2E V

qk+<b,pjb_qk)),

with z,e{¢} (e(S)) andz,e{¢'} (e(S"). Adding the
contributions from#; and fromF,, we extract the relevant
part, of which the Fourier transformation ap—z, is

SC

(3.1

The above derivation ofid;; (i,j=1,2) is self-
explanatory for their physical meaning or interpretation. The
physical interpretation is summarized as generalized cutting
rules, which is a generalization of Cutkosky’s cutting rules in
vacuum theory(For more details, selgt].)

iA(X;P)=2m8(P%— 2){ 6(—po)+N

D. Closed-time-path formalism

iAj; (i,j=1,2) obtained above are nothing but the propa-
gators in the closed-time patfCTP) formalism of out-of-
equilibrium quantum field theors]. The CTP formalism is
constructed on the directed time pa@=C;®C, in a
complex-time plane, where&C;=(—»—+») and C,=
(+o0— —). Afield ¢(Xg,x) with xoe C; [Xge C,] is de-
noted by¢1(Xg,X) [ #2(Xg,X)] and is called a type-[type-
2] field. The interaction Lagrangian density is of the form
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(2)

int 1

ﬁmfzﬁﬂ?_

L

g
(n!)?

. A
L= 7 (¢ $)*— —@i(d¢)" (i=12).

Then, the vertex factor for the “type-1 vertex” that comes .
from £} is the same as in vacuum theory, while the vertex -

factor for the “type-2 vertex” is minus the corresponding
“type-1 vertex factor.” The CTP propagators are defined by

the statistical average of the time-path-ordered product of

fields, which are written as
1A1106Y)=(T1(X) B1(Y))c,

iA55(6,Y)=(Teho(X) b3(¥))e
=[iA(y,¥)]*,

iA12(%,Y)=(b3(Y) 1(X))e,

1451(%,Y) =(2(X) $1(¥))c, (3.17
whereT (T) is the time-orderinganti-time-ordering sym-
bol. In computing Eq.(3.17), one identifies¢, with ¢;.
Comparing Eq(3.17 with the above deduction af;; (i,]
=1,2), Egs.(3.1)), (3.12, (3.14, and(3.16, we see thak
of ¢4(x) in Eqg. (3.17 corresponds to a vertex point in
(S) (eW) andx of ¢,(x) corresponds to a vertex point in
(S"). The vertex factors inS) (eW) are —i\ for the
—\(@TP)?4 interaction and —ig for  the
—g®(¢"¢)"/(n!)? interaction. Then, the vertex factors in
(S"Y (e W) are, in corresponding order to the aboveand

PHYSICAL REVIEW D 61 056004

[

[

P ——-----

FIG. 1. A diagram for%; in Eq. (3.19. i, j, k, and| are the
vertex type. Eacld is either type 1 or type 2.

where F; is a connectedamplitude in the CTP formalism
which includes alkb’s. In Eqg. (3.19, we have usedw} for
collectively denoting all theexternal and internalvertex
points and the summation runs over diagrams. A paiv’'sf
wy, andwy, , in a pair of brackets-(--) in F; denotes the
vertex points that are connected k(g , @k (k) -

Here some remarks are in order.

(1) As mentioned at the beginning of this section, inclu-
sion of the initial correlationg3.2) or (3.3 is straightfor-
ward.

(2) Taking the infinite-volume limitV—« goes as fol-
lows:

ig. This is in accordance with the above-mentioned vertex

factors in the CTP formalism.

E. Reaction-probability formula

The observation made so far shows thain Eq. (2.16
with Eq. (3.5 corresponds to an amplitude in the CTP for-
malism of the “process”

[ K [ K
=1 j=1 =1 j=1
As mentioned at the end of Sec. Il, only connect§ds

contribute to the reaction probabilify. Thus, we finally ob-
tain

|
73=<]1:[1 Jd“xjd“xj’Fj(xj)F*(xj’))

1’

[1

j=1

X f dy;d*y/G* (y))Gj(y])

><diagzramsj d4wl' . 'de}—i(X;{(wk_wk')})’

(3.19

fd%,

(2m)°
Vv

5 (2m)°

ap,— etc.

p a(p),

The above deduction shows that there is no finite-volume
correction, in the sense that there do not exist extra contri-
butions to, which disappear in the limi¥/—oo. It should
be stressed that this statement holds for periodic boundary
conditions.

(3) Itis clear from the above deductidof. Secs. Il B and
11 C) that the CTP formalism here is formulated in terms of
the “bare” number density of quasiparticles. A canonical
CTP formalism is formulated in terms of the physical or
observed number density of quasiparticles. How to translate
the former into the latter is discussed[it0].

Finally, we make a comment on gauge theories. If we
choose a physical gauge like the Coulomb gauge or the
Landshoff-Rebhan variantll] of a covariant gauge, the
gauge boson may be dealt with in a similar manner to the
above scalar-field case. If we adopt a traditional covariant
gauge, a straightforward modification is necessary.
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IV. COMPUTATIONAL PROCEDURE (3) Let us deal with the term withdj.;— w;) in Eq.
(4 4. It can easily be shown that wf,,

In this section, we present a concrete procedure of com &
—wJ)IAk|(wJ+1,w]-) become

puting the reaction probabilitfp up to nth-order terms with
respect to theX,, derivatives.

(1) From F in Eq. (3.19, we pick outiA;i(p,0), : ,

! q P i(p.0) (wjﬂ_wj)#i DAP e i(P+P) (wj 11— w))

P (0 pto . .
SinceF; includes®'’s, the vertex poinp [o] is connectedl =i DAp e I(P+P) (041~ 0))
with a vertex pointv [v'] e Vg (cf. Fig. D:
J W+ w;
: X——iA ( L pypr.
k k — 18y >
P+0' , ) , I(?PM
- 2 wj+1—wj)+j20 (0] —oj ) TVvHV'],

(4.2 Other terms and highex*-derivative terms “--.” in Eq.

(4.4) may be dealt with similarly. All other parts of; , Eq.

where wo=p, ®o=0, 1=V, o, =V, With (3.19, than the on€4.1) may be dealt with similarly.
v,v'eVy. In Eq. (4.2, each pair of spacetime points in a (4) Carrymg_ out the integrations over all vertex pomts

pair of bracketsw; , ; and o, [wj, and (‘)j’+1]1 is connected  €Xcept those inV/g,, we have momentum-conservatioh

by one or severald(w 0) Ay (ol )] in F functions at each internal vertex point.
: kKIN®j+1, @] KAPAE W+ 1) i As di h inni f L th f -
(cf. Fig. 1). Here, we note that andv’ may be written as s discussed at the beginning of Sec. lll, the wave func

tions of ®’s should be localized within the space region
~ ) ~ =L' (i=1,2,3). However, for simplicity, we assume in the
v=X+tv, vi=X+v, (4.3 sequel that the wave functions df’s are of plane-wave

form®
whereX is the midpoint of the external-vertex points, around

which the reaction is taking place:

Fi(x)=e RiX(2viri+mM?)H2,

| I’
1 -
T D (x+x)+ 2 (y+y) | Gi(y)=e RiVI(2V\r[?+M?)1/2, 4.5
=1 =1
(2) Using Egs. (4.2 and (4.3, we expandA;;((p (5) We carry out the integrations over all vertex points in
+0)/2;P) in Eq. (4.1) as Ve to yield momentum-conservatiod functions at those

vertex points and we are left with integrations over the inde-
pendent or loop momenta. Keeping the terms up to the

k
Aij(’ﬁ_a; ) Ay (X:P)+ 1 — (41— w;) nth-order terms with respect to the, derivatives, we obtain
2 2] =0 the final formula, which may be written in the form
+J§=10 (0] =@ )+V+V' [ %A (X;P) 7>=f d*X AX;R, ... R;Ry, ... R). (4.6
+-. (4.9
Note thatA depends weakly oX throughN(X;Qy)’s. From
where “- - .” stands for terms with higher-order derivatives Eq. (4.6), we see thah is the reaction rate per unit volume.

with respect toX. The series(4.4) is truncated at the Incidentally, were it not for thisX dependence, integration

nth-order terms with respect to th¢, derivatives. The ap-

proximation in which *“ - - is ignored is called the gradient

approximation. “4As in the case of some self-energy-type subdiagram, there are
severai Ay (wjy1,0))’'s [iAp (o ,0f,,)'s] (cf. Fig. 1). In such a
case, one chooses any one of them.

3Note that, in general, the vertex pointsandv’ are not uniquely 51t is to be noted that, if we use the plane-wave faib) in Eq.

singled out. ¢ can coincide with/’.) However, different choices of (2.19), the X dependence disappears. In the procedure presented

v andv’ lead to the same reaction probabili®/within the accu-  here, theX dependence ol is already(partially) taken into ac-

racy under consideration. count before arriving at4).
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FIG. 3. An amplitude for the “process®,(R)—®(R) in the
CTP formalism, a part of which represents the contribufi$.®).

lim VT=(2m)*5%O0).

V,T—»CD

<S> = <S>

FIG. 2. A diagram representingy, Eq. (2.2b, for the process Example

(4.7). The spacetime poinsandx’ (¢’ andy’) are connected by Here, for the purpose of illustration, we deal with the
a vacuum-theory propagator. The dot-dashed line stands for thﬁeavy(b production process
final-state-cut line. The group of particles on top of the figure rep-

resents the spectator particles. out-of-equilibrium system— ® +anything. (4.7

overXin Eq.(4.6) would yieldV T, whereV is the volume of The system is composed of a real scalarwith L=
the system and =t;—t; is the time interval during which —X¢3/3!, and @& interacts with ¢ through L yp=

the reaction takes place. In the limit, T—, the VT be- —g® ¢%/2. We analyze the contribution from Fig. 2 f@in
comes Egs.(2.2). Using Eq.(2.16, we have
NZQZ)\ZJ d4X,G*(X')f d4y G(y’ )E e iP1 X d4§2 e iP2¢

1 \2EpV V2EpV

glQ¢ d4§’2 1 giPy ¢

1 1 oy
e|P1~yf
V2EV o1 V2EpV 0y \2EpV

_iQ'.g'SiA(O)(g_Xr)(iA(O)(é:/ —y')*,

X2

quF

whereA© is the vacuum-theory propagator ¢fandsS [cf. Eq. (2.10] takes the form

+

ot ot ot ot t
S= <apiapéaq,aqaplap2> =( apiapé( 8qr,qT 8g@qr)ap, Ap,)-

We compute the contributions that include only two-point functions. If necessary, the contributions including initial correla-
tions may be written down in a straightforward manner. Keeping the terms that do not vanish kinematically, we have

t t
S=85,+S,, 51:(apiam)(apéapZ)[aq,q, +(alag)], 82=81lp,cp,-

We compute the contributiof; from S;. The contribution fromS, may be computed similarly. Following the procedure
presented above, we obtain

2

]

. oy x'+y’
legzxzf d4x’G*(x’)fd4y’G(y’)fd4§f d%’i D*Pe P y>2w5+(P§—m2)N(—y ;Pl)

xi D4Pze‘P2'(§f')2w5+(P§—m2)N(£ Pz)i DQe ¢ 9275, (Q2—m?)

—i
—m2—io*t’

iDPe'P (£=x7) $D4QeIQ (y' =€)
p’2 m+|0+ Q'?
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Here we observe that

E+é X'ty 1 A —i[ 9 d

— T RlEEx)FE Y= Pt

where the partial derivatives are understood to act on the “propagators” in momentum representation.
Making the plane-wave approximation f@&(x),

e—iR-x
G(X): \/m (EII): VI +M )1

we finally obtain, within the gradient approximation,

Ny= g f d4X$ D4P i‘, DAP,[275. (P2~ mA)N(X;Py) [278: (P2~ mAN(X,;Py)]
1 ZE(DV 1 2 + 1 1 + 2 2,72
X[276,(Q?—m?){1+N(X(;Q)}] 1_1(5X +dy.)- i_i v
2 2 1 P’ aQ' P!Z_m2+io+
~ - 4.9
Q12_m2_i0+ ! .

X;=X,=X,Q" =P’

whereX=(x"+y’)/2 andP'=Q’'=P;—R andQ=P,+P;—R.

Equation(4.8) corresponds to a contribution to the amplitude in the CTP formalism of the “procesfs’Eq. (3.18],
d,(R)— d,(R), and constitutes a part of the diagram as depicted in Fig. 3 in the CTP formalism. As a matter of fe€Q)Eq.
represents Fig. 3 withp(;>0,p,0>0,90>0) plus Fig. 3 with ,0>0,p57,<0,00<0).
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